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This  paper  describes  a  novel  model  developed  for  a priori  prediction  of the  maximal  spread  of  a liquid
drop  on  a  surface.  As a first  step,  a  series  of  experiments  were  conducted  under  precise  control  of the
initial  drop  diameter,  its falling  height,  roughness,  and  wettability  of  dry  surfaces.  The  transient  liquid
spreading  was  recorded  by a  high-speed  camera  to obtain  its  maximum  spreading  under  various  condi-
tions. Eight  preexisting  models  were  tested  for accurate  prediction  of  the  maximum  spread;  however,
most  of the  model  predictions  were  not satisfactory  except  one,  in  comparison  with  our  experimental
data.  A  comparative  scaling  analysis  of  the  literature  models  was  conducted  to  elucidate  the  condition-
iquid drop impact
ubstrate
ettability

oughness
preading factor

dependent  prediction  characteristics  of the  models.  The  conditioned  bias  in  the  predictions  was  mainly
attributed  to  the inappropriate  formulations  of  viscous  dissipation  or interfacial  energy  of  liquid on the
surface.  Hence,  a novel  model  based  on  energy  balance  during  liquid  impact  was  developed  to  overcome
the  limitations  of the  previous  models.  As  a result,  the present  model  was  quite successful  in predicting
the  liquid  spread  in all  the  conditions.

©  2016  Elsevier  B.V.  All  rights  reserved.
. Introduction

The impact of a liquid drop, which we observe in our daily life,
lays a major role in many industrial applications such as spray
oating, thermal spraying, inkjet printing, and spray cooling [1–3].
nother example is the drop splash during rainfall, which might
id in the propagation of pathogens [4]. During impact, if a drop is
assive or its speed of impact is high, the liquid drop splashes into

ne droplets. The drop splash, in the sense of droplet generation,
ooks similar to centrifugal atomization of liquid metal on a rotating
isk [5], which is being widely used for industrial-scale production
f sub 10-�m metallic powder and even nanoparticles [6–9].

When a spherical drop hits a surface, it rapidly spreads in a
ircular fashion to form a liquid layer on it. The liquid spreading,
hough initially driven by the inertia of the falling drop, is continu-
lly decelerated by surface tension and viscous forces [10,11], and
ventually stops. Subsequently, it can either retract on or remain
inned to the surface, depending on the hydrophobicity of the sur-

ace. Of particular interest is the control or maximization of the
iquid spreading without splashing. In centrifugal atomization, for
xample, maintaining the contact between liquid and surface is

∗ Corresponding authors.
E-mail addresses: yjkim@kims.re.kr (Y.-J. Kim), donglee@pusan.ac.kr (D. Lee).

ttp://dx.doi.org/10.1016/j.apsusc.2016.12.195
169-4332/© 2016 Elsevier B.V. All rights reserved.
necessary for maximum utilization of the rotating energy of the
surface. In addition, the maximum spreading diameter (denoted
hereafter by dmax) is directly related to the final coverage and con-
tact time of the liquid with the surface, which in turn influences
surface cooling by the liquid [12]. Thus, precise prediction and con-
trol of the maximum spreading are critical in applications such as
inkjet printing, spray cooling, and centrifugal atomization.

Starting from the Jones’ model [13] in 1971, several simple mod-
els have been developed to predict a maximum spreading ratio
ˇmax (=dmax/d), based on the energy balance of the drop before
and after impact; here d represents the pristine drop diameter.
Among those, we  chose eight distinct models [13–20] that are dis-
tinguished in the formulation of various energy terms involved, as
listed in Table 1. Some of the models [17,19,20] enabled fairly accu-
rate predictions with great ease. However, it is noted that: 1) two
of them rely on a correction factor [19] or a semi-empirical fitting
[20]; 2) previous model validations were mostly conducted in a
manner that compares the model predictions with experimental
data, without discrimination of the experimental conditions used
[17–20]. Thus, it is still necessary to evaluate the models under each
specific condition and thereby clarify the conditioned limitation of

each model.

Computational fluid dynamics (CFD) simulations have been con-
ducted to predict the transient evolution of the diameter and shape
of the liquid layer during the entire process, including the reced-

dx.doi.org/10.1016/j.apsusc.2016.12.195
http://www.sciencedirect.com/science/journal/01694332
http://www.elsevier.com/locate/apsusc
http://crossmark.crossref.org/dialog/?doi=10.1016/j.apsusc.2016.12.195&domain=pdf
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mailto:donglee@pusan.ac.kr
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Table 1
Simple models chosen from the previous studies.
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ng stage [12,17,21]. Those CFD simulations are clearly helpful in
nderstanding the underlying mechanisms of liquid spreading, by
roviding velocity and pressure fields in the liquid layer. However,

t is also noted that CFD simulations, besides its large calculation
oad, require an accurate prediction of the dynamic contact angle
12,17]. With a static contact angle, the CFD simulations were found
o overpredict the maximum spreading significantly, unlike the
imple models [19]. Hence, an improved simple model is required
ot only for industrial applications, but also for more complicated
imulations like centrifugal atomization.

These needs motivated the present study. A series of exper-
ments was conducted under precise control of the entire
arameters, including roughness and wettability of the dry sur-
aces. The eight existing models were then tested to assess their
alidity and limitations depending on the experimental conditions.
n comparison with the experimental data, only one model [13]
howed a relatively good match for the entire set of conditions,
hereas the others had limited success with conditional prefer-

nces. A comparative scaling analysis was conducted to elucidate
he condition-dependent prediction characteristics of the models.
ased on the results, a novel model was finally developed to over-
ome the limitations of the previous models. As a result, the present
odel was quite successful in predicting ˇmax in the entire set of

onditions including various literature data.

. Experimental setup

A series of experiments was conducted for the measurement
f liquid spreading on a surface upon drop impact as follows.
eionized water was used as the impacting liquid. Three different

ypes of flat surfaces were selected to alter the surfaces’ wet-
ability: parafilm wax (Daihan, No: N05042000009323), PMMA
Daihan, No: N05042000007278), and a glass slide (Daihan, No:
05042000007977). The surface contamination could influence the

ontact angle and model predictions; therefore, the surfaces were
arefully cleaned following four sequential steps: rinsing with DI
ater, 60-min ultrasonication with 10% methanol-water mixture,

insing with DI water, and complete drying for 24 h at room temper-
Fig. 1. Schematic for experimental setup.

ature. The roughness of the as-cleaned dry surfaces was measured
with a contact profilometer (Talysurf Series 2, Taylor Hobson) and
then positioned on a horizontal test plate as shown in Fig. 1. Needles
of three different sizes were used to control the drop diameter and
likewise cleaned. Each needle, after being connected to a DI-water
filled syringe and a syringe pump (NE-300, SyringePump), was  ver-
tically mounted at a certain height from the surface as shown in
Fig. 1. Based on the pendent drop method, a controlled amount of
liquid was supplied through the needle by the syringe pump and
an individual drop of a certain size was generated and allowed to
fall onto the surface.

A contact angle analyzer (SCO model, Phoenix 300) was used to
measure the equilibrium contact angle of the water drop; this was
repeated three times for drops of three different sizes, leading to an
average contact angle for each surface. A Flolight Microbeam 128
LED panel was  installed as a light source on one side of the surface-
mounted plate. On the opposite side, a high-speed camera (Photon
Fastcam, SA3) was  installed at 5◦ from the horizontal surface, and it
captured the snapshots at the moment of drop impact with a frame
rate of 10,000 fps using the silhouette method. The entire system,
schematically shown in Fig. 1, was contained in an acrylic box.
The (drop-falling) height was  varied from 10 to 30 cm, to control
the impact speed of drop from 1.1 to 2.3 m/s  equally for every sur-
face. Based on the snapshots of a falling drop, the diameter (d) of the
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Table  2
Experimental conditions and parameters.

Drop-falling height used 10 cm 20 cm 30 cm

Needle size 16 Gauge 25 Gauge 32 Gauge
Mean diameter of drop (d) 3.28 mm 2.70 mm 2.20 mm
Density of water (�) 1000 kg/m3

Surface tension (�LV ) 0.0728 N/m
Viscosity (�) 0.00089 Pa s
Surface material Parafilm M PMMA  Glass slide
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Contact angle (�) 104.36◦ 59.79◦ 10.12◦

Roughness (ra) 0.82 �m 0.023 �m 0.0089 �m

rop was calculated by an equation of d = (D2
h

∗ Dv)
1/3

[20,22–26],
here Dh and Dv refer to the horizontal and vertical diameters

f a small ellipsoidal drop as observed at the moment of impact,
espectively. The shape was consistent with findings from other lit-
ratures [25,27]. The spreading diameter of a drop after the impact
as calculated from the snapshots with the help of ImagJTM and

imple MatlabTM code provided by the manufacturer. The liquid
roperties and the entire systematic parameters are summarized

n Table 2.

. Model formulation

The system energy at any instant of spreading includes the
inetic and surface energies of the spreading liquid. While a drop
ontinues to deform the part of the sphere in touch with the surface
o a circular film, the surface energy steadily increases by extending
he liquid surface; however, its kinetic energy decreases. Besides,
he total system energy is not conserved due to the viscous dissipa-
ion of energy. By including the viscous dissipation energy (Evisc),
he total energy conservation becomes:

K,i + EL,i + ES,i = EK,f + EL,f + ES,f + Evisc (1)

n Eq. (1), the subscripts i and f refer to the initial state right before
mpact and the final state at which the liquid eventually reaches the

aximum spreading, respectively; Ek refers to the kinetic energy of
he drop; EL is the free surface energy of the liquid (corresponding
o its surface tension �LV ); ES is the interfacial energy between the
iquid and the surface.

The three initial energies are generally formulated as follows:

K,i = �

12
�d3u2 (2)

L,i = �d2�LV (3)

S,i = 1
4

�d2
max�S (4)

K,f = 0, (5)

here �s is the surface energy density of a dry surface in units of
/m2. Thus, ES,i is involved in the reflection of the dry part of the
urface that will be covered by the liquid in the final state. Eq. (5)
mplies that the liquid is assumed to stop moving in the final state.

In most of the previous models, the liquid layer in the final state
as assumed to be a thin coin-like disk with a flat top surface and

harp edges. Several images taken at that moment revealed that the
ayer is more likely a spherical cap, i.e. a thin slice of a sphere, with a
urved top surface and a flat bottom (see Fig. S1 in the supplemen-
ary data). Ford and Furmidge [28] and Vadillo et al. [29] presented
n analytic equation to show the spreading ratio  ̌ as a function of
he contact angle (�) between the top and bottom surfaces as:
 =
√

g
(

�
)

=
[

4
(

sin �∗)3

2 − 3 cos �∗ +
(

cos �∗
)3

]1/3

(6)
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Note that here the contact angle � was replaced with �∗ to high-
light the fact that one may  have to use an apparent contact angle
�∗ rather than a literature value, particularly when the surface is
roughened, and not perfectly smooth (refer to Eq. (12)). Using the
spherical cap assumption and Eq. (6), the free surface energy (EL,f )
is given by:

EL,f = 1
2

�
(

1
1 + cos �∗

)
g
(

�
)

d2�LV (7)

The interfacial energy ES,f at the final state is given by the prod-
uct of the interfacial energy density (�SL) and the bottom surface
area as:

ES,f = 1
4

�d2
max�SL (8)

There were several variations in formulating the viscous dissi-
pation energy term Evisc in Eq. (1), which are still in debate. Based
on the approximation of Chandra and Avedisian [15], Mao et al. [20]
proposed the first approximated formula of Evisc as

Evisc =
∫ tc

0

∫
˝

�d˝dt ≈ �˝tc ≈
(

∂u

∂y

)2

˝tc ≈ 0.53
��ud4

max

d2
, (9)

where � is the viscous dissipation function, which is proportional to
the square of the velocity gradient at the surface; tc is the time taken
for a spherical drop to reach the maximum spread; and  ̋ is the
volume of the viscous layer. Pasandideh-Fard [17] scaled them as
� ∼ �(u/ı)2, tc ∼ 8/3(d/u), and  ̋ ∼ �dmax

2ı/4,  by approximating the
flow field during the drop impact with a stagnation-point flow and
using the idealized flow solution (ı = 2d/Re1/2); here, the bound-
ary layer thickness ı could grow fast to approach the liquid layer
thickness (h) when the Reynolds number (Re = �ud/�) is low or the
flow is highly viscous. Hence, Mao  et al. [20] proposed two differ-
ent equations for Evisc when Re is small and large; actually Eq. (9)
is the case of low Re (ı > h). In contrast, for high Re condition, i.e.,
Re > 81(dmax/d)4, the Evisc is approximated by Eq. (10):

Evisc = 0.33
��u2dd2

max√
Re

if Re > 81(dmax/d)4 (10)

Since the two  energy densities of �S and �SL in Eqs. (4) and (8) are
usually unknown, we  used Young’s equation to relate the difference
between them to the measurable values of �LV and �:

cos � = �s − �SL

�LV
(11)

Note that the angle � in Eq. (11) is the intrinsic contact angle of
the liquid on a perfectly smooth surface. For a more realistic sur-
face with a certain degree of roughness, the measurable (apparent)
contact angle �∗ usually differs from the Young’s contact angle �
due to the surface roughness effect on the hydrophobicity of the
surface. This roughness effect on the contact angle was modelled
by Wenzel [30] as:

cos �∗ = εcos�, (12)

where ε is the roughness factor that was  approximated in this study
by the ratio between the pristine drop diameter (d) and the surface
roughness (ra) as:

ε = d

ra
(13)

Since ε > 1, Eq. (12) indicates that a rough hydrophilic surface
with � < 90◦ becomes more hydrophilic, while a rough hydrophobic

surface with � > 90◦ increases its hydrophobicity.

Now, combining Eqs. (2)–(13) with the energy balance equation,
Eq. (1), we  obtain the following two  sets of equations for calculating
the maximum spreading ratio ˇmax: Eq. (14) is for the case of low
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Fig. 3. Validation of the present model and previous models with the present exper-
imental data on PMMA.
ig. 2. Validation of the present model and previous models with the present exper-
mental data on glass.

e,  while Eq. (15) is for the high Re case.

.53
We

Re
ˇ4

max +
(

1
2

(
1

1 + cos �∗

)
− 1

4
cos �∗

ε

)
ˇ2

max − 1 − We

12
= 0

(14)

0.33
We√

Re
+ 1

2

(
1

1 + cos �∗

)
− 1

4
cos �∗

ε

)
ˇ2

max − 1 − We

12
= 0,(15)

here We is the Weber number defined by the ratio of the kinetic
nergy to the free surface energy of liquid drop (We = �u2d/�LV ).
oth the equations express ˇmax as a function of Re, We,  �∗, and ε in

 similar way as the previous models in Table 1. Eqs. (14)–(15) are
btained by normalizing Eq. (1) with EL,i; hence, the first term in
oth the equations refers to the ratio of Evisc/EL,i; the second term

s the ratio of EL,f /EL,i; the third is the ratio of (Es,f − Es)/EL,i; and
he fourth term of We/12 shows the ratio of Ek,i/EL,i. It should be
oted that both the second and third terms include �∗, so that the
econd term reflects the combined contributions of the free-surface
nd interfacial energies, whereas the third term shows the effect of
urface roughness.

. Results and discussion

First, dmax and ˇmax were measured on a dry surface of glass,
hile the mean diameter and falling speed of a pristine water drop
ere varied; these experiments were repeated for PMMA  and wax

urfaces to obtain the data sets of ˇmax under different conditions.
econd, the values of We  and Re were calculated for each condition
sing the determined parameters in Table 2 and then applied to
qs. (14) or (15) for predicting the ˇmax. To assess the prediction
ccuracy of the present model, the predicted data of ˇmax on glass,
MMA, and wax were plotted against the corresponding data from
xperiments using a blue diamond symbol in Fig. 2, Fig. 3, and Fig. 4,
espectively. For comparison, the eight existing models in Table 1
ere tested with the present parameters for each surface in Table 2.

he values of ˇmax predicted by the other models are shown in the
gures.

In Figs. 2–4, the vertical axis represents the predicted ˇmax,
hile the horizontal axis shows the measured ˇmax. The dotted
ine having a slope of unity indicates a perfect match between the
odel and experimental values. From Figs. 2–4, one may  notice

hat the largest value of ˇmax decreases with an increase in the sur-
ace hydrophobicity. This implies that the water drop can spread
Fig. 4. Validation of the present model and previous models with the present exper-
imental data on wax; the error bars represent standard deviation from experiments
and corresponding to their predictions.

more on a hydrophilic surface relative to a hydrophobic surface.
It is also noted that the rightmost data in each figure represents
the strongest impact condition (the largest drop with the highest
impact speed) at each surface; this corresponds to the highest Re
condition. In contrast, the leftmost data correspond to the lowest
Re condition.

Mao  et al.’s model [20] was found to underpredict the ˇmax con-
stantly, regardless of the surface wettability (as in Figs. 2–4) and
operation parameters. Conversely, Healy et al.’s model [19] largely
overpredicted the ˇmax , particularly on glass (as in Fig. 2), and the
degree of overprediction was lowered on wax  (as in Fig. 4). Note
that the two  models basically rely on either a correction factor [19]
or a semi-empirical fitting [20] as shown by the term (45/�)0.241

or 0.2We0.83/Re0.33 in their formulas given in Table 1. This suggests
that these case-specific approaches, though improved the predic-
tion accuracy in their conditions, should be used with great care,
because an unexpected conditioned bias could be produced when
the condition differs from theirs.
Jones’s model [13] exhibited a steady underprediction of ˇmax

on glass as seen in Fig. 2; however, it slightly overpredicted under
the low-Re condition and slightly underpredicted under the high-Re
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Table  3
Magnitude comparison of various energy components in Eq. (15) at high Re number.

Surface Re We  Evisc/EL,i EL,f /EL,i (EL,S-EL,i)/EL,i EK,i/EL,i

Glass 8053.1 214.9 16.2 5.18 1.26E-05 −18.9
PMMA  8338.9 230.2 14.7 5.89 1.54E-05 −20.2
Wax  8375.1 229.9 12.6 9.25 −1.8 E-04 −20.2

Table 4
Magnitude comparison of various energy components in Eq. (14) at low Re number.

Surface Re We  Evisc/EL,i EL,f /EL,i (EL,S-EL,i)/EL,i EK,i/EL,i
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Glass 2795.8 41.2 3.05 2.99 1.16E-05 −4.4
PMMA  3069.9 44.3 1.80 2.27 8.42E-06 −4.6
Wax  3422.5 55.7 1.99 3.84 −1.08E-04 −5.6

ondition on the other two surfaces (see Figs. 3 and 4). The predic-
ions of Collings et al.’s model [14] scattered significantly around
he ideal line, particularly on glass (as in Fig. 2), and tended to over-
redict ˇmax when the surface became more hydrophobic (compare
igs. 2–4). Note that the formulae of their models look simple, being
unctions solely of Re or We.  To evaluate the appropriateness of
heir models, it might be helpful to examine the limiting form of a
omplete energy equation similar to Eqs. (14)–(15). Under a very
igh We  condition (We/Re1/2 » 1; often Re » 1), Eq. (15) is dominated
ainly by the first and last terms, leading to ˇmax ∼ Re1/4, which is

olely a function of Re just like Jones’ formula in Table 1. In other
ords, the Jones’ model might be a special solution of Eq. (1) for
igh We  condition. It is also noted that the Re dependency (∼Re1/8)

n Jones’s formula is weaker than ∼Re1/4 in the limiting case. This
eems to explain why Jones’s data are almost invariant in each of
igs. 2–4 compared to the other models. Collings et al.’s formula
n Table 1 was likewise analyzed. It is noticed that their model
s likely another special solution of Eqs. (14) or (15) obtained by
eglecting the first term (Evisc/EL,i). In fact, this is not the case in
ost experiments, including our experiment.
For a more quantitative discussion, the relative energy terms

n Eqs. (14)–(15) were calculated at high and low Re conditions,
espectively, and summarized in Tables 3 and 4. Table 3 clearly
tates that the present condition is a high Re condition, and the
iscous dissipation term Evisc dominates every other energy; there-
ore, that is balanced with the initial kinetic energy Ek,i. Even in
able 4 where Re is small, the term Evisc is not negligible but still
omparable to the other energy components. This means that all
he energy terms should be considered to predict the ˇmax. Thus,
t is not surprising to see that Collings et al.’s approach, without
onsidering Evisc , caused a significant error. Both tables reveal that
he free surface and interfacial energy terms denoted by EL,f /EL,i is
arge, whereas the contribution of the surface roughness denoted
y (EL,S-EL,i)/EL,i is negligible in this study.

Chandra and Avedisian [15], who first introduced the energy
issipation term in the energy balance analysis, approximated the
elocity gradient ∂u/∂y in Evisc by u/h under the assumption of
reeping flow; u is the falling speed of the drop and h is the liq-
id layer thickness. According to Pasandideh-Fardetal et al. [17],
he choice of h as a length scale for estimating the velocity gra-
ient is not appropriate, because the viscous dissipation occurs
ostly in the boundary layer that is developed at the bottom of

he liquid layer, and the boundary layer thickness should be used
or the length scale instead. They also noted that using h for the
stimation of Evisc could cause a significant underestimation of
visc , and thereby an overestimation of ˇmax up to 40% [17]. Simi-
arly, Figs. 2–4 confirmed that Chandra and Avedisian [15]’s model

eveals a significant level of overestimation of ˇmax in all the con-
itions considered.

The surface/interfacial energy terms containing �∗ in Eqs.
14)–(15) were missing in the formulas of both Madejski [16] and
Fig. 5. Comparison of the calculated maximum spread using our model (Eqs.
(14)–(15)) with the experimental data in the literature.

Kurabayashi-Yang [19]. Since the missing term EL,f /EL,i increases
with an increase in the surface hydrophobicity (see Tables 3 and 4),
neglecting this term might cause overprediction of the two models.
Consequently, the degree of overprediction becomes worse from
Figs. 2–4. According to Bennett et al. [31], model predictions could
be improved by including the surface energy in the previous mod-
els [14,15]. As stated in Eq. (9), Pasandideh-Fard et al. [17] used the
boundary layer thickness as a length scale and a better time scale of
tc ∼ 8/3(d/u) for the calculation of Evisc . However, their model, simi-
lar to Eq. (15) for high-Re condition, was still based on the coin-like
shape of the liquid layer, which makes the model use in low-Re
condition questionable [20]. Figs. 2 and 3 showed that their model
prediction errors slightly increased as Re decreased (from right to
left in the figures), though the errors were still acceptable within
17%.

Figs. 2–4 also demonstrate that the present model is the most
successful in predicting the maximum spreading of water, regard-
less of surface wettability and roughness. Our model was further
tested with other literature data under a wider set of conditions:
Cheng et al. [32], Sikalo et al. [26], and Lee et al. [12]. Combining
their experimental data enables us to test our model in the widest
range: in terms of impact velocities (0.2–27.9 m/s), static contact
angles (6–105◦), surface roughness (0.009–6 �m),  and droplet size
(0.2–2.7 mm). In Fig. 5, the present model prediction results are
denoted by different symbols based on each designated experi-
mental condition and they show a good agreement with all the
experimental data within 6%.

5. Conclusion

This study was devoted to the development of a novel energy-
balance model for the precise prediction of maximum spreading of
liquid at the time of impact on a flat surface. A series of experiments
was first conducted to obtain the unknown systematic parameters,
by varying the sizes and impact velocities of the water drop, and
employing three types of surfaces: glass, PMMA,  and wax  with con-
trolled surface roughness. Eight previous models were selected and
evaluated with the experimental data. Consequently, some of the
models were observed to have limited success, with preference to
certain conditions. A comparative scaling analysis of the literature

models was  conducted and it revealed that the four early mod-
els [13,14,16,19] suffered from lacks of viscous dissipation and/or
surface/interfacial energy, whereas the two recent models [15,17],
though included the missing terms, still had a conditional pref-
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[31] T. Bennett, D. Poulikakos, Splat-quench solidification—estimating the
maximum spreading of a droplet impacting a solid-surface, J. Mater. Sci. 28
(1993) 963–970.

[32] L. Cheng, Dynamic spreading of drops impacting onto a solid surface, Ind. Eng.
Chem. Process Design Dev. 16 (1977) 192–197.
54 R. Choudhury et al. / Applied S

rence toward high-Re conditions by their formations. The other
wo models [19,20], based on a correction factor or semi-empirical
tting, exhibited relatively large discrepancies, presumably due to
he constant use of the case-specific fitting parameters. The present

odel was developed to resolve the limitations of the previous
odels. As a result, the present model was quite successful in pre-

icting the liquid spread under the entire set of conditions.
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